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ABSTRACT. We introduce the notion of scattering space Sj for N-body quantum mechan-
ical systems, where b is a cluster decomposition with 2 < [b| < N and r is a real number
0 < r < 1. Utilizing these spaces, we give a decomposition of continuous spectral subspace
by S; for N-body quantum systems with long-range pair potentials V. (zo) = O(|za|~¢).
This is extended to a decomposition by S; with 0 < r < 1 for some long-range case. We
also prove a characterization of ranges of wave operators by Sg.

Introduction

After Derezinski [D] proved the asymptotic completeness of N-body quantum systems
with long-range pair potentials V.'(z,) = O(|zo|~¢) for € > /3 — 1, Yafaev [Y] gave
an example where the asymptotic completeness breaks down for 0 < ¢ < 1/2. It
seems that the cause which prevents the asymptotic completeness in his case is some
“self-similarity” of approximate threshold eigenvectors by which property the channels
corresponding to those eigenvectors cannot be separated well enough as in the usual
case. The present paper is partly a reminiscence of my preprint [K3] in 1984, while
apart from the problem of asymptotic completeness. After some preparations of section
1, we define in section 2 scattering spaces S;, 2 < [b] < N, 0 < r < 1, for a given
N-body Hamiltonian H. Roughly speaking S; consists of vectors f such that in its
evolution e f the distance between clusters in b evolves linearly in ¢, whereas the
size of each cluster in b is bounded by a constant times ¢". We then prove in section
4 a decomposition of the continuous spectral subspace as an orthogonal sum of the
scattering spaces S}, 2 < |[b| < N. We extend the decomposition to the one by S with
general order 0 < r < 1 for some long-range pair potentials by utilizing the results of
Dereziriski [D]. We also see that the orthogonal projection Ej(r) onto the scattering
space S} (0 <r < 1) is discontinuous at some r = ry € (¢,1/2) in the case of Yafaev’s
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potentials [Y]. We prove in section 5 a characterization of the ranges of wave operators:
R(Wbi) = Sz? for general long-range potentials, where we adopt the wave operators VVbjE
with time-independent modifiers J, extending [IK] to N-body case. We assume some
decay assumptions on threshold eigenvectors (Assumption 1.2) in addition to the usual
assumptions on the decay of pair potentials (Assumption 1.1).

1. Preliminaries

We consider the Schrodinger operator defined in L2(R*N) (v > 1, N > 2)

N

h? 0?2

H=Hy+V, Hj=- —. 1.1

Here
V=> Valza), (1.2)

(6%
where o = 1; —1rj, 7 = (ri1,- -+, 1) € RY is the position vector of the i-th particle,
% = <8f_1 AR %), g—:; = 2521 % = A,,, m; > 0 is the mass of the i-th particle,
K2 K2 v 7 1/]

and o = {1, j} is a pair with 1 <i < j < N. Our assumption on the decay rate of the
pair potentials V,,(z) is as follows.

Assumption 1.1. V,(x) (x € RY) is split into a sum of a real-valued C'*° function
VI(z) and a real-valued measurable function V.¥(x) of x € R satisfying the following
conditions: There are real numbers € and €; with 0 < €,¢; < 1 such that for all multi-
indices

07V ()] < Cplar) T (1.3)

with some constants Cg > 0 independent of x € R”, and
()" TV (2)(—=A, + 1)~ is a bounded operator in L?(RY). (1.4)

Here A, is a Laplacian with respect to z, and (x) is a C° function of x such that
(z) = || for |z| > 1 and > 3 for |z| < 1.

We can adopt weaker conditions on the differentiability and decay rate for higher
derivatives of the long-range part V.I(z), but for later convenience of exposition, we
adopt this form in the present paper.

The free part Hy of H in (1.1) has various forms in accordance with our choice of
coordinate systems. We use the so-called Jacobi coordinates. The center of mass of our
N-particle system is

miry + -+ MNTN

X =
T Tty

and the Jacobi coordinates are defined by

wi=ry = T m g N - (1.5)
1
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Accordingly the corresponding canonically conjugate momentum operators are defined
by

h 0 h 0

po="9 =02
¢ oXe p i Ox;

Using these new X¢, Po, x;, p;, we can rewrite Hy in (1.1) as

Hy = Hy + He. (1.6)
Here
) N—-1 N—-1 h2 1
o= opt=— 3 oA, Ho=—x— P2,
i=1 24t i=1 2'% Zj:lmj

where p; > 0 is the reduced mass defined by the relation:

1 1 1

+ .
i Migp1 M+ My

The new coordinates give a decomposition L?(R*YN) = L?(R") ® L?(R") with n =
v(N — 1) and in this decomposition, H is decomposed

H=He®I+I®H, H=H)+V.

Hc is a Laplacian, so we consider H in the Hilbert space H = L?(R") = L?*(R*(N—1),
We write this H as H in the followings:

H=Hy+V = Z—pz—FZV o) :—Z i Axl+ZV zo).  (1.7)

zl'u zlz'uz

This means that we consider the Hamiltonian H in (1.1) restricted to the subspace of
RVN:
(my+--+myn)Xec=myri1+ -+ myry =0. (1.8)

We equip this subspace with the inner product:

N-—1
=1

where - denotes the Euclidean scalar product. With respect to this inner product,
the changes of variables between Jacobi coordinates in (1.5) are realized by orthogonal
transformations on the space R™ defined by (1.8), while u; and z; depend on the order
of the construction of the Jacobi coordinates in (1.5). If we define velocity operator v
by

v= (v, ,onN_1) = (47 'P1, L BN PN-1),
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we can write using the inner product above

Hy = %(v,w. (1.10)

Next we introduce clustered Jacobi coordinate. Let a = {C1, - - -, Ci} be a disjoint de-
composition of the set {1,2,--- ,N}: C; #0 (j=1,2,--- , k), U;?:lC’j ={1,2,--- N}
with C; N C; = 0 when i # j. We denote the number of elements of a set S by |S|.
Then |a| = k in the present case, and we call a a cluster decomposition with |a| clus-

ters Cp,---,C|q. A clustered Jacobi coordinate x = (z,,2%) associated with a cluster
decomposition a = {C1, -+ ,Cy} is obtained by first choosing a Jacobi coordinate
2@ = (469 ... axfgfﬁq) e RUCI=D (9 =1,2,.. k)

for the |Cy| particles in the cluster Cy and then by choosing an intercluster Jacobi
coordinate

xa e (331, PR 7x]€71) e RV(k—].)
for the center of mass of the k clusters Cy,---,Cy. Then 2% = (2(©1) ... 2(C) ¢

R'WN=F) and z = (z4,2%) € R*™W~1) = R™. The corresponding canonically conjugate
momentum operator is

p=(Pa0")y Pa=(p1,- pr-1), p*= (P, plC)),

h 0 c (Co) (Co) ) _Nh 0
pi= P =), B RO

i Oz’
Accordingly ‘H = L?(R"™) is decomposed:

H=H, dH*, H,= LQ(RZE’C*U),

He = LP(RUNTY) = HOD @@ HO, 1@ = [2(RVICITY),

(1.11)
In this coordinates system, Hy in (1.7) is decomposed:
Hy=T,+ Hg,
k—1 hQ
T,=-> 17 e (1.12)
=1 “
HS:ZHOZ, HOZ:_ZZ(C)AWE),
=1 i=1 4Hy

(Ce)

where A,, and Ax@” are v-dimensional Laplacians and M, and pu; are the reduced

masses. We introduce the inner product in the space R* = R*(V=1 as in (1.9):

(z,y) = (T, ), (Ya, ¥*)) = (Ta, Ya) + (%, y*)
E |Cel—1

_ZMZJ:Z y€+z Z MCZ) CZ) (CZ), (113)
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and velocity operator

v = (Uaa v?) = Mﬁlp = (mglpa? (Ma)ilpa)a (1'14)
where M = <W(L)“ u0a> is the n = v(N — 1) dimensional diagonal mass matrix whose
diagonals are given by My, -, My_1, ugcl), e ,,u|(g:|)71. Then Hj is written as

1 1 1
Hy = §<U7U> =T, +Hy = §<vaava> + §<va’va>‘ (1.15)

We need a notion of order in the set of cluster decompositions. A cluster decomposi-
tion b is called a refinement of a cluster decomposition a, iff any Cy € b is a subset of
some Dy € a. When b is a refinement of a we denote this as b < a. b £ a is its negation:
some cluster Cy € b is not a subset of any Dy € a. Thus for a pair « = {i,j}, « < a
means that a = {i,j} C Dy for some Dy, € a, and a £ a means that a = {i,j} ¢ Dy,
for any Dy € a. b < a means that b < a but b # a.

We decompose the potential term V in (1.7) as

> Valwa) =Va+ I, (1.16)

where

Va = Z VC@)

Cy€a
Ve, = Z Va(xa)a (1.17)
aCCy
Io=> Val(za).
afa

By definition, V¢, depends only on the variable 2(©0) inside the cluster Cy. Similarly,
V., depends only on the variable 2¢ = (z(¢1) ... z(©x)) ¢ R3N=lal) while I, depends
on all components of the variable .

Then H in (1.7) is decomposed:

H=H,+1,=T,1+1® H* + 1,

H=H-1,=T, 1 +1® H®, (1.18)
HY=Hg+V, =Y H,  HO =g v,
Cy€a

where T, is an operator in H, = L%R;gkil)), H® and H§ are operators in H* =
LQ(RV(N_k)), and H(“) and H(()O[) are operators in H(“*) = LQ(R;E‘CCX'_D).

.1:(1
We denote by P, the orthogonal projection onto the pure point spectral subspace

(or eigenspace) Hy, = Hpp(H*)(C H®) for H*. We use the same notation P, for the
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obvious extention I ® P, to the total space H. For |a| = N, we set P, = I. Let
M =1,2,--- and PM denote an M-dimensional partial projection of P, such that s-

limps oo Péw = P,. We define for / = 1,---, N — 1 and an /-dimensional multi-index
M = (My,---, M) (M; > 1)

M= |1- SopMe| 1= > PM)(1-PM). (1.19)

lae|=¢ |laz|=2

(Note that for |a] = 1, a = {C} with C = {1,2,---, N}. Thus PM! is an M;-dimensional
partial projection into the eigenspace of H.) We further define for a |a|-dimensional
multi-index Ma = (Ml, cee ,M‘a|_1, M‘a|) = (Ma, M‘a|)

PMe = peI PMe 2 <o < . (1.20)
Then it is clear that
> pMe=pM=1-pP", (1.21)
2<|a|<N

provided that the component M; of M, depends only on the number j but not on a.
In the following we use such M,’s only.

Related with those notions, we denote by H. = H.(H) the orthogonal complement
Hpp(H )L of the eigenspace H,, = H,,(H) for the total Hamiltonian H. Namely H,.(H)
is the continuous spectral subspace for H. We note that H.(H) = (I —P,)H for a unique
a with |a| = 1, and that for f € H, (I — PM)f — (I - P,)f € H(H) as M; — oo. We
use freely the notations of functional analysis for selfadjoint operators, e.g. Ep(A) is
the spectral measure for H.

To state a theorem due to Enss [E2], we introduce an assumption:

Assumption 1.2. For any cluster decomposition a with 2 < |a] < N — 1 and any
integer M =1,2,---,
[|lz*2PM]|| < oo. (1.22)

This assumption is concerned with the decay rate of eigenvectors of subsystem Hamil-
tonians. Since it is known that non-threshold eigenvectors decay exponentially (see
Froese and Herbst [FH]), this assumption is the one about threshold eigenvectors.

Let v,, as above, denote the velocity operator between the clusters in a. It is expressed
as v, = m; 1p, for some v(|a|] — 1)-dimensional diagonal mass matrix m,. Then we can
state the theorem.

Theorem 1.3([E2]). Let N > 2 and let H be the Hamiltonian H in (1.7) or (1.18)
for an N-body quantum-mechanical system. Let Assumptions 1.1 and 1.2 be satisfied.
Let f € H. Then there exist a sequence t,, — +o0o (as m — +oo) and a sequence
M of multi-indices whose components all tend to co as m — Foo such that for all
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cluster decompositions a with 2 < |a| < N, for all ¢ € CSO(R;((I‘(I'*U), R > 0, and

a={ij}£a

|$a’2§M§” —itm H/R

5 Pa e fll =0 (1.23)
|F(|za| < R)PM e=itmH/h g (1.24)
1(p(xa/tm) = p(va)) Pa e M f| — 0 (1.25)

asm — +oo. Here F(S) is the characteristic function of the set defined by the condition
S.

We denote the sum of the sets of thresholds and eigenvalues of H by 7:

T= |J op(H)=TUo,(H), T= |J op(H" (1.26)
1<|a|<N 2<]a|<N
where
op(H*) ={m1+ - +7Tq | 0 € ap(H(Cé)) (Cr€a)} (1.27)

is the set of eigenvalues of a subsystem Hamiltonian H® = 3, ., H (©), For |a| = N
we define o,(H®) = {0}. Similarly 7, and 7, are defined:

To=Jop(H") =T Vo, (HY), To=|]op(H). (1.28)
b<a b<a
It is known (Froese and Herbst [FH]) that these sets are subsets of (—o0,0]. Further
these sets form bounded, closed and countable subsets of R!, and o,(H®) accumulates
only at 7 (see Cycon et al. [C]).
We use the notation A € A’ for Borel sets A, A’ C RF to mean that the closure A of
A is compact in R* and is a subset of the interior of A’.

2. Scattering Spaces

In the following we consider the case t — oo only. The other case t — —oo is treated
similarly. We also choose a unit system such that 2 = 1. We use the notation f(t) ~ g(¢)
as t — oo to mean that || f(t) — g(t)|| — 0 as t — oo for H-valued functions f(t) and
g(t) of t > 1.

Definition 2.1. Let real numbers r, o, § and a cluster decomposition b satisfy 0 < r <1,
0,0 >0and 2 < |b <N.
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i) Let A € R! — T be a closed set. We define S77°(A) for 0 < r < 1 by
SIoO(A) ={f € Eg(AYH | e " f ~ H F(|zo| > ot)F(jzb] < 6t")e ™  f as t — oco}.

aLb
(2.1)
For r = 0 we define SP7(A) by
Sp7(A) ={f € Eu(A)H |
lim limsupHe*itHf — H F(|zo| > ot)F(|zb] < R)e*itHfH = 0}.

oo t—oo agb (2.2)

We then define the localized scattering space S} (A) of order r € (0,1] for H as the
closure of

U () 557°(A) ={f € Eg(A)H | 30 > 0,75 > 0 :

a>06>0

e M~ 1] Fllwal = ot)F(|2®| < 6t7)e "7 f as t — oo}
a’b (23)

SP(A) is defined as the closure of

L Sp7(A) ={f € Ex(A)H | Jo > 0:

o>0

eTtH f — [ Fllzal = ot)F(l*| < R) *“HfH —0).
R—oo t—oo
agb (2.4)

ii) We define the scattering space S] of order r € [0, 1] for H as the closure of

U Sb (A). (2.5)

AER!—

We note that S;?°(A), SP7(A), Sf(A) and S} define closed subspaces of Ex(A)H
and H.(H), respectively.

Proposition 2.2. Let A €@ R' — 7 and f € S;?°(A) for0 <r <1 or f € SY(A) for
r =0 with 0,0 >0 and 2 < |b| < N. Then the following limit relations hold:

i) Let o £ 'b. Then for 0 < r <1 we have when t — oo
F(|zo| < ot)F(|zb) < 6tT)e " f — 0, (2.6)
For r =0 we have

lim hrnsup |F(lzal < ot)F(|2°] < R)e™™  f|| = 0. (2.7)

R—oo ¢
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it) For 0 < r <1 we have when t — oo
F(|lz®| > 6tT)e "  f — 0. (2.8)

Forr =20 ‘
Rlim lim sup HF(|xb| > R)e’”HfH = 0. (2.9)
—X0  t—o0

i1i) There exists a sequence t,, — oo as m — oo depending on f € S{;”‘S(A) or f €

SP7(A) such that

(¢ (@p/tm) — ©(vp)) e_“meH —0 as m— (2.10)
for any function ¢ € C’SO(RZ,EW*U).

Proof. i) and ii) are clear from the definition of S779(A) or SP°(A). We prove iii).
Since f € Ex(A)YH C H.(H), we have by (1.21), Theorem 1.3 and f € S;?°(A) (or
f€5,7(A)) i

S RN S (2.11)

d<b

along some sequence t,, — oo depending on f. On each state on the right-hand side
(RHS) of (2.11), (1.25) with a replaced by d holds. By the restriction d < b in the sum
of the RHS of (2.11), we obtain (2.10). O

The following propositions are obvious by definition.

Proposition 2.3. Let 2 < |b| < N. If1 > >r >0,0 >0 >0anddé >§ >0
and A € R' — T, then S97(A) € SY7'(A), S97(A) c S;7%(A) € 8579 (A), SX(A) C
S7(A) € 85’ (A), SY(A) C Sj(A) C Sy, and S? € S Sy

Proposition 2.4. Let b and b’ be different cluster decompositions: b # b'. Then for
any 0 <r <1, 5} and Sy, are orthogonal mutually: Sy L Sy, .

3. A Partition of Unity

To state a proposition that will play a fundamental role in our decomposition of
continuous spectral subspace by Sl}, we prepare some notations. Let b be a cluster
decomposition with 2 < |b] < N. For any two clusters C; and Cy in b, we define a
vector zp; that connects the two centers of mass of the clusters C; and 5. The number

of such vectors when we move over all pairs of clusters in b is kp = <‘;|) in total. We

denote these vectors by zp1, 2p2, -+, Zbk, -
Let zpr, (1 < k < kp) connect two clusters Cy and C,, in b (£ # m). Then for
any pair « = {i,j} with i € C; and j € C,,, the vector z, = z;; is expressed

like (zpp, (90, 2(Cm)) ¢ RvHV(ICl=D)+v(ICnl=1) " where £(C2) (€ R¥(CI=D) and (@) (e
RYUCmI=1)) are the positions of the particles i and j in Cy and C,,, respectively. The
vector expression o = (zpr, £(¢9), 2(m)) is in the space RV TV Cel=D+(Cml=1) "If we
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express it in the larger space RY, X R;,EN*“)D, it would be 2, = (2p,2%), and |z|? =
|zpe|? + |2%|2. Thus if |2, |? is sufficiently large compared to |z°|? > |£(C)|2 + |£(Cm)|2,
e.g. if |2]? > p > 0 and |2°|?> < @ with p > 6 > 0 (which means that p/6 is sufficiently
large), then |z,]? > p/2 for all a £ b.

Next if ¢ < b and |¢| = |b| 4+ 1, then just one cluster, say C; € b, is decomposed into
two clusters C; and C} in ¢, and other clusters in b remain the same in the finer cluster
decomposition ¢. In this case, we can choose just one vector z.; (1 < k < k.) that
connects clusters Cj and C} in ¢, and we can express z° = (2., z¢). The norm of this
vector is written as

|2 = e + |2 (3.1)

Similarly the norm of & = (z3, 2°) is written as
j2|* = |z |* + |2°P. (3.2)

We recall that norm is defined, as usual, from the inner product defined by (1.13) which
changes in accordance with the cluster decomposition used in each context. E.g., in
(3.1), the left-hand side (LHS) is defined by using (1.13) for the cluster decomposition
b and the RHS is by using (1.13) for c.

With these preparations, we state the following lemma, which is partially a repetition
of [K1, Lemma 2.1]. We define subsets T} (p, #) and Ty(p, #) of R® = RY(N=1 for cluster
decompositions b with 2 < |b] < N and real numbers p, § with 1 > p, 0 > 0:

ky

Ti(p,0) = (ﬂ{x NET ﬂliU!Z}) N{z | x| > (1 - 0)[z]*}, (3.3)
k=1
ky

Ti(p,6) = (ﬂ{w | Jzen|* > p}> N{a | zel* > 16}, (3-4)

k=1
Subsets S and Sy (6 > 0) of R = R¥N=1) are defined by

S={z |z > 1},
Sop={z| 140> |z|*>>1}.

Lemma 3.1. Suppose that constants 1 > 01 > p; > 0; > py > 0 satisfy 0;_1 > 0; + p;
for 3 =2,3,---,N —1. Then the followings hold:

i)
sc U Tulop o) (3.5)
2<|BI<N

it) Let v; > 1 (j = 1,2) satisfy

Y12 < o= QS_?%IZI\]lfl{pj/ej}. (3.6)
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If b £ ¢ with |b| > |c|, then
To(v1 ' ppe)s V2000) N Te(V1 ' pjes Y20)ep) = 0. (3.7)
iit) For vy >1 and 2 < [b| < N

T(ppys O15) N Son—r € To(pip), Opp)) N Son s
€ To(v P> 18)5) N Son_,

C To(¥; ™ g 7a0p) O Son s (3.8)
where
Yi=7v1+0n_1), vh=0+7)1+0x_1)"" (3.9)
) If 52 27”2 < rg, then for2 <|b| < N
—1
(i P 130s) C {z | |zal? > ppilz]?/2 for all a £ b} (3.10)

v) If y(1+7v) <19 and b £ ¢ with |b| > ||, then

1 1
To(v1  ppp> ¥20) NTe(v1 pie)s Y20)ep) = 0. (3.11)

Proof. To prove (3.5), suppose that |z|?> > 1 and x does not belong to the set

ky
A= U [(ﬂ{x NET Pb|!fli|2}> NH{x | x> > (1 — 0|2}

2<|b|<N—1 L \k=1

Under this assumption, we prove |z|? > py|z|? for all pairs a = {i,j}. (Note that
2 for |b| = N equals some z,.) Let [b] = 2 and write = (231,2%). Then by
3.1), 1 < |x|2 |zp1]? + |2°|2. Since x belongs to the complement A of the set A,
we have |zp12 < ppp|z]® or |mb|2 (1-— 9|b‘)|ac|2 If (201> < ppylz|?, then [2°]* =
2 — [ > (1= pp)le® > (01 = ppplal® > Opylal by ;-1 > 0; + p;. Thus
|lzp]% = |2]? — |2%)%2 < (1 — 9|b‘)|ac|2 for all b with |b] = 2.

Next let |c| = 3 and assume |z.|* > (1 — 6),)|z[>. Then by z € A, we can choose
zep with 1 < k < k. such that |z.]? < ,0|C||:L"2. Let Cy; and C,,, be two clusters in ¢
connected by z.r, and let b be the cluster decomposition obtained by combining Cy and
C, into one cluster with retaining other clusters of ¢ in b. Then |b| = 2, 2° = (zex, 2°),
and [2°|* = |2c1~s|2+|='136|2 Thus |»"Ub|2 |2 —[2®|? = |a|* —|zen]* = 2°* = |xc]* —|2ck]? >
(1 =0 — ,0|C|)|:1;| (1 = 6)p))||?, which contradicts the result of the previous step.
Thus |z.]? < (1 — 9|C|)|x| for all ¢ with |¢| = 3.

Repeating this procedure, we finally arrive at |acd|2 (1 = 6jq)|z[?, thus |z¢]* =
|22 — [2q]* > 0)qi|2]? > pn|z|? for all d with |d| = N — 1. Namely |z4|? > pn|z|® for
all pairs a = {4, j}. The proof of (3.5) is complete.
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We next prove (3.7). By b £ ¢, we can take a pair o = {4, j} and clusters Cy, C,, € ¢
such that a < b,i € Cy, j € Cy,, and £ # m. Then we can write x, = (2ck, x¢) for some
1 <k < k.. Thus if there is x € Tb(yflpw,vg@w) ﬂTc(yflpM,yQ@‘c‘), then

Yol z? > [2°1? > Jzal® = |2ek* + |27 = |zel® > 1 ' pjefl 2] (3.12)

But since |b| > |c|, we have p|o > 717205 when |b| = [c| by (3.6), and pj¢| > Y1720¢ >
Y1y2(0pp) + ppp)) > Y1720)s) when |c| < [b] by 8;_1 > 0; + p;, which both contradict the
inequality (3.12). This completes the proof of (3.7).

(3.8) follows by a simple calculation from the inequality |z|?(1 + 6x_1)"' < 1 that
holds on Sy, _,. (3.10) follows from the relation |z4|? = |2px|? + |2%|? stated before the
lemma, and (3.11) from {75 = v(1 4 ) and ii). O

In the followings we fix constants v > 1 and 1 > 6; > p; > 0; > pxy > 0 such that

03',1 Zej+pj (]:2737 ,N_1)7 (313)
2,}//,}//
max {'y(l +7), 5 _1721 <rp= 2<]Héljr\} 1{p]/0 } (3.14)

where v} (j = 1,2) are defined by (3.9).
Let p()\) € COO(Rl) be such that 0 < p(A\) <1, p(A) =1 (A < —1), p(A) =0 (A >0),
and p'(A\) < 0. Then we define functions ¢,(A < 7) and ¢,(A > 7) of A € R! by

o (A <7) =p((A=(T+0))/0),
PeAN>T)=1— P, (A< T —0) (3.15)

for constants o > 0,7 € R!. We note that ¢, (A < 7) and ¢, (A > 7) satisfy

1 (A<7)
cALT)= _ 3.16
Po(A<T) {0 (A>7+0) (3.16)
0 AN<T—0)
cA>T) = - 3.17
o 0>n={] 057 (3.17
d
/
= — <
dL(A>T1)>0
We define for a cluster decomposition b with 2 < [b] < N
ky
= H b0 (lzoxl* > pi)) o |zl > 1 —0py)), (3.18)
k=1
where o > 0 is fixed as
0<o< min {(1-y)pn,(1=7"pj (v = 1)0;}. (3.19)

2<j<N
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Then ¢y () satisfies for = € Sy, _,

1 for xe€ Tb(ﬂ|b\,9\b|)a

0 for x&Tp(vy" Pl V0
We set for |b| =k (k=2,3,---,N)

(3.20)

To(@) =gp(as) | 1= D @n @) |- [ 1= D @nlas,) | (3.21)

|br_1]=k—1 |b2|=2

By v) and iii) of Lemma 3.1 and (3.20), the sums on the RHS remain only in the case
b<bjforj=k—1,---,2and xz € So_,:

To(@)=@p(s) | 1= D> pu (@) | [ 1= D enlas,) | (3.22)

‘bkfl‘:kfl ‘bQ‘ZQ
b<bi_1 b<ba

Thus Jy(x) is a function of the variable z; only:
Jo(z) = Jy(xp) when z = (z3,2°%) € Sp,_,. (3.23)

We also note that the supports of ¢, in each sum on the RHS of (3.21) are disjoint
mutually in Sp,_, by iii) and v) of Lemma 3.1. By (3.5) and (3.8) of lemma 3.1, and
the definition (3.18)-(3.21) of Jy(xp), we therefore have

Z Jb(.l‘b):l on S9N—1'

2<[b[<N
We have constructed a partition of unity on Sy, ,:

Proposition 3.2. Let real numbers 1 > 01 > p; > 0; > pn > 0 satisfy 0,1 > 0; + p;
forj=23,--- N —1. Assume that (3.14) hold and let Jy(xzp) be defined by (3.18)-
(8.22). Then we have
Z Jb(acb) =1 on S@N_l. (324)
2<b|<N
Jp(xp) is a C° function of xp and satisfies 0 < Jp(xp) < 1. Further on supp J, N S _,
we have
2al? > pulal?/2 (3.25)
for any pair a £ b, and
sup |V, Jb(zp)]| < 00 (3.26)
2ER" 2<|b|<N
for each fixed o > 0 in (3.18)-(3.19).

Proof. We have only to see (3.25) and (3.26). But (3.25) is clear by (3.8), (3.10), (3.14),
(3.20) and (3.21), and (3.26) follows from (3.15), (3.18) and (3.22). O
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4. A Decomposition of Continuous Spectral Subspace

The following theorem gives a decomposition of H.(H) by scattering spaces S} (2 <
b < N).

Theorem 4.1. Let Assumptions 1.1 and 1.2 be satisfied. Then we have

H.(H)= P S;. (4.1)

2<|b|<N

Proof. Since the set
U En(AYH
T

AER—

is dense in H.(H), and S} (2 < |b| < N) are closed and mutually orthogonal, it suffices
to prove that any ®(H)f with ® € C§°(R! — 7) and f € H can be decomposed as a
sum of the elements f; in Si: ®(H)f = D a<ibl<N fi.

We divide the proof into two steps. In the first step I), we prove existence of certain
time limits. In the second step II), we prove existence of some “boundary values” of
those limits, and conclude the proof of decomposition (4.1).

I) Existence of some time limits:

We decompose ®(H)f as a finite sum: ®(H)f = Zjﬁonite V. (H)f, where 1, €
Cs°(R' —T). In the step I), we will prove the existence of the limit

L
lim eitHGb’)\g (t)*Jb(’l)b/rg)Gb’)\Z (t)eiitHl/JjO (H)f, (42)

t—o0
/=1

under the assumption that supp ¢, C A € A for some intervals A € A € R' — T
with F € A and diam A < d(E), where d(E) > 0 is some small constant depending on
E € R' — T and diam S denotes the diameter of a set S C R'. The relevant factors
in (4.2) will be defined in the course of the proof. We will write f for ¢;,(H)f in the
followings.

We take 1 € C§°(R') such that ¥(\) = 1 for X\ € A and suppy C A for the
intervals A € A above. Then f = ¢(H)f = Exg(A)f € Eg(AYH C H.(H) and
e H f = o)(H)e *H f. Thus we can use the decomposition (1.21) for the sequences t,,
and M;" in Theorem 1.3:

G,itm[{f _ Qﬂ(H)eiithf — Qb(H) Z ﬁéwénefithf' (43)

2<|d[<N

By Theorem 1.3-(1.24)

G(H)PYE e=tmH £ p(Hy) P e=itmH g (4.4)
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as m — o0o. Since

Mg
~pm M Mm
Pcéwd — P, ‘d‘P\d| ; jdl _ Z Pug,, (4.5)

where Py g, is one dimensional eigenprojection for H 4 with eigenvalue E;, the RHS of

(4.4) equals
Mg
> O(Tu+ Ey)Pas, Pyt et (4.6)
j=1

By suppyy C A @ R' — T, E; € T, and Ty > 0, we can take constants Aq > A\g > 0
independent of j = 1,2,--- such that Ay > Ty > A\g if ¥(Tq + E;) # 0. Set Ay =
maxg Ag > Ao = ming Ay > 0 and

SE)={E-X|XeT,E>\}. (4.7)
Note that we can take Ay > A9 > 0 so that
E(E) S ()\o,A()) C (0, OO) (48)

Let ¥ € C$°(R!) satisfy W(\) = 1 for X € [\, Ag] and supp ¥ C [Ng — K, Ag + ] for
some small constant k > 0 such that the set [A{, Ao] U [Ag, Aj] is bounded away from
Y(E), where \j = A\g — 2k > 0 and A, = Ap + 2k. Then the RHS of (4.6) equals for
any m=1,2,---

U2 (Ty)(Hy) P e~ itmH f, (4.9)

On the other hand, by Theorem 1.3-(1.23) and (1.25), we have

d|2 Y m ]
Zn’ ¢(Hd)Pj4d e~Mml 0 (4.10)
and
W2 (L) (Ha) Py = f oo (|2 /(212,))00 (Ha) PY' e~ f (4.11)

as m — oo, where to see (4.10) we used (1.23) and i[H?, |2%|?/t?] = i[Hg, |zd|2 /2] =
2A% /12 where A4 = (2% p? + p? - 2%)/2, and to see (4.11) the fact that |z4|?/t2, and Hy
commute asymptotically as m — oo by (1.25). Thus by |2|? = |z4]? + |2¢|? we have

W2 (T)op (Ha) P)' et f oo W2(|2 2/ (262,) )b (Hg) Py e i0m T f (4.12)
as m — oo. From (4.3)-(4.4), (4.6), (4.9) and (4.12), we obtain
et WP (|2 (2t7,))e T (4.13)

as m — OoQ.
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Let constants v > 1 and 1 > 61 > p; > 0; > py > 0 be fixed such that

03'71 Zej+pj (]:27 ,N_1)7 (414)
27175 :
max {'y(l +7), 5 _1721 <rp= 2<§21£71{pj/9j} (4.15)

for v} (j = 1,2) defined by (3.9). Set
A= Nfy_1 > 0 (4.16)
with A[ = A\g — 2k defined above. Let 79 > 0 satisfy
0 <1679 < AG(< AH < o). (4.17)

We take a finite subset {\¢}%_ | of 7 such that
L ~ ~
T c [ Jhe =70, M+ 70). (4.18)
=1

Then we can choose real numbers A\, € R*, 7, > 0 ({ = 1,2,---,L) and 0y > 0 such
that

T < To, 00 <To, |Ae—Ae|<T0,

L
T JOe—mde+70), (e —70,M+70) C (A — 70, Mo + 70),
dist{ij\; — 7o, Ao +70), (A — Ty Ak + 7))} > 4oo(> 0)  for any £ # k.
(4.19)
We note that for  =1,--- | L
N1 <|A=(E—=N\)| <710+ 40oo } NE(E) = 0. (4.20)
Now let the intervals A and A be so small that
diam A < diam A < 7 := 1212%1/:{00, Te}. (4.21)
Returning to (4.6), we have
Ty + E; € supp v, (4.22)

if Y(Ty + E;) # 0in (4.6). By suppy C A, diam A < 7y, and E € A, we have from
(4.22)
—7o <Ta— (B - Ej) < To. (4.23)
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Thus we have asymptotically on each state in (4.6)

2
—27 < 'Z”T' — 2(E — Ej) < 27. (4.24)

By (4.19), E; € T is included in just one set (A, — 74, Ay + 7¢) for some ¢ = £(j) with
1 <4(j) < L. Since |E; — Ay(;)| < Te(j), we have using (4.21)

| 2

—27y(j) — 200 < 2(E — M) < 2705 + 200 (4.25)

tn

on each state in (4.6). Thus

Z¢30(‘|9@|2/t72n —2(E = X\o)| <270+ 200) =1

L
=1

asymptotically as m — oo on (4.6). Now by the same reasoning that led us to (4.13),
we see that (4.3) asymptotically equals as m — oo

L
Y (el 2B - M| < 27+200) W2 (|z|2/(2t2,)) P, e~ £ (4.26)
¢=12<|d|<N
Since g, (||2]?/17, = 2(E — A¢)| < 27 +400) = 1 on supp ¢, (|[z?/t7, = 2(E = Ar)| <
27y + 209), (4.26) equals

L
Z Z ¢30(“x|2/t72ﬂ —2(F - )\e)’ < 27y + 40y)

¢=12<|d|<N
x 02, (|22 /£2, = 2(E — No)| < 27¢ + 200) W2 (|z]?/(2t2) By e~ .
(4.27)
Set . .
B = <$>_1/2A<ZL‘>_1/2, A= i(xp"f—px) = §(<$,U>+<U,I>) (428)
We note by Theorem 1.3-(1.23) and (1.25) that on the state ]Séw;ne_“me
B ~ /2T, ~ ’:’—l (4.29)

asymptotically as t,, — oo. Using this, we replace ¢q,(||z[>/t2, — 2(E — Ay)| < 27 +

200) by ¢o,(|B? —2(E — \¢)| < 274 + 20¢) in (4.27). Let p(A) € C§°((v/2(Ao — 2r),
3R 721)), 0 < ¢(A) < 1, and o(A) = 1 on [y/20ho — #), v/Z(ko + M)(3 supp
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U(A?/2) N (0,00)). We insert a factor p?(B) into (4.27) and then remove the factor
U2(|z|%/(2t2,)) using (4.13):

Z > 62, ([[el2/t2, — 2(E — Ao)| < 27 + doy)

(=1 2<|d|<N

x @2, (|B% = 2(E = \)| < 270 + 200)0*(B) P4 e~itmH . (4.30)

On supp ¢o, (||z|?/t2, — 2(E — A\¢)| < 27 + 400) we have

Il2

0< Q(E — )\g) — T < < Q(E )\g) + 779. (4.31)
Since (4.8), |A; — A¢| < 70 and (4.17) imply
2E — \) + 7o 147 140! /16
—1= On— 4.32
2E — N) — 770 2(E — o) — 710 30h0/16 — Ay " UNTL (4.32)

we can apply the partition of unity in Proposition 3.2 to the ring defined by (4.31).
Then we obtain

L
e LN N YT Tl (retm)) 05, (2] /£, — 2(E — A)| < 27 + 4oy)

(=12<|b|<N 2<[d|<N

x ¢2,(|B% = 2(E — \o)| < 27 + 200)2(B) )¢ e~itmtl . (4.33)

where

=V2E—-XN)-Tr0>0 ({=1,---,L). (4.34)
By the property (3.25), only the terms with d < b remain in (4.33):

L
e HmH ¢ NZ Z Z Jb(acb/(rgtm))qbgo(}|x|2/t%ﬂb —2(E = X\¢)| < 274 + 409)

£=12<|b|<N d<b

¢2 (| B> — 2(E — \o)| < 270 + 200)p*(B) By eitm i 1. (4.35)

Using Theorem 1.3-(1.25), we replace z}/t,, by vp, and at the same time we introduce
a pseudodifferential operator into (4.35):

Py(t) = ¢o(|zp/t — vp)* < 0) (4.36)
with v > 0 sufficiently small. Then (4.35) becomes

oitmH f Z SN Pa(tm) Jo(vp/re) o2, (|22 /12, — 2(E — Ao)| < 27 + 409)

=1 2<|b|<N d<b

x @2 (| B> = 2(E — \p)| < 270 + 200)9?(B) P4 e~itmH f, (4.37)
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We rearrange the order of the factors on the RHS of (4.37) using that the factors
mutually commute asymptotically as m — oo by Theorem 1.3. Setting

G, (1) =Py (t) o (|| /12 = 2(E — A\)| < 27 + 40)
X oo (|B? = 2(E — Ap)| < 27¢ + 200)(B), (4.38)

we obtain

e I f Z > D G (tm) To(vs/10) G, (t ) P =it H (4.39)

£=12<|b|<N d<b

Now by some calculus of pseudodifferential operators and Theorem 1.3 we note that
Py(t)Jy(vp/r¢) yields a partition of unity Jy(z3/(ret)) asymptotically as m — oo whose
support is close to that of Jy(xp/(ret)). Then we can recover the terms with d £ b, and
using (1.21), we remove the sum of ﬁéw‘;n over 2 < |d| < N:

e~ itm Hf Z Z Gb}\e Jb(vb/rg)Gb)\[( ) zthf. (4.40)

0=12<[b|<N

We note that on the RHS, the support with respect to B?/2 of the derivative
Lo (|B2 = 2(E — M\g)| < 27 4 20¢) is disjoint with $(E) by (3.16) and (4.20), and
the support of ¢'(B) is similar by (4.8) and the definition of ¢ above.

We prove the existence of the limit
fb’z = tlirilo ez'tHGb)% (t)*Jb(Ub/T’g)G@M (t)e_itHf (4.41)

for ¢ =1,---,L and b with 2 < |b] < N.

For this purpose we differentiate the function

(e Gor, (8)* o (vo/10)Gon, (e f,g) (4.42)

with respect to t, where f,g € Ey(A)H. Then writing

Dig(t) = i[Hy, g(t)] + —-(t) (4.43)



20 HITOSHI KITADA

for an operator-valued function g(t), we have

(€™ Gy, (1) To(v/70) G, ()" f, g)
("™ DY(p(B))doy, (| B> = 2(E — Ar)| < 270 + 200)
X ¢UO(H:1;|2/t2 —2(F — )\z)’ < 27+ 400)Pb(t)Jb(Ub/Tz)Gb’)\[(t)e_itHf, g)
+ (eitHgo(B)Df (gbao(}BQ —-2(E - /\g)‘ < 2719 + 200))
X ¢UO(H:1;|2/t2 —2(F — )\z)’ < 27+ 400)Pb(t)Jb(vb/rg)Gb,)\z(t)e*itHf, g)
+ (€ o(B) ¢y (| B — 2(E — A)| < 27 + 209)
X DY (¢oo (|27 /1* = 2(E — Xo)| < 27¢ + 400)) Py(t) Jo(vp/1e) G, (e f, )
+ (" o(B) ¢, (| B — 2(E — A\)| < 274 + 209)
X hoq (||2]?/1? = 2(E — Ap)| < 270 + 400) Dy (Py(t)) Jo(vs/1e) G5, (t)e™ " f, 9)
+ ((h-c.)f,9)
+ (e™i[Iy, Gy 5, (8) Jo(vs/10) G 5, (D)€ £, 9), (4.44)

SHE

where (h.c.) denotes the adjoint of the operator in the terms preceding it.

We need the following lemmas (see [K1, Lemmas 4.1 and 4.2]):
Lemma 4.2. Let Assumption 1.1 be satisfied. Let E € R' —T. Let F(s) € C§°(R!)
satisfy 0 < F < 1 and the condition that the support with respect to s*/2 of F(s) is

disjoint with 3(E). Then there is a constant d(E) > 0 such that for any interval A
around E with diam A < d(E), one has
1

N e

for some constant C > 0 independent of f € H.

2

F(B)e ™ Ep(A)f| dt < C|f|? (4.45)

Lemma 4.3. For the pseudodifferential operator Py(t) defined by (4.36) with u > 0,
there exist norm continuous bounded operators S(t) and R(t) such that

DVBy(t) = %S(t) +R(1) (4.46)
and
S(t) >0, [R@)<CEH)™? (4.47)

for some constant C > 0 independent of t € R".

We switch to a smaller interval A if necessary in the followings when we apply Lemma
4.2.
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For the first term on the RHS of (4.44) we have

D}(¢(B)) = ¢'(B)i[Hy, B] + R (4.48)

with
I(H + )~ (z) " %[Hy, Bl{x)"*(H + i)™ < oo, (4.49)
|(H +4)"Hz)Ry(z)(H + 1)~ < oo. (4.50)

(See section 4 of [K1] for a detailed argument yielding the estimates for the remainder
terms Ry here and Si(t), etc. below.) By the remark after (4.40), the support with
respect to B?/2 of ¢/(B) is disjoint with ¥(F). Hence the condition of Lemma 4.2 is
satisfied. Thus using (4.49)-(4.50) and rearranging the order of the factors in the first
term on the RHS of (4.44) with some integrable errors, we have by Lemma 4.2:

the 1st term = (e/"# BV (6)* B (e £, g) + (e Sy (e " £, g), (4.51)

where B](-l)(t) (j =1,2) and S (t) satisfy

/ 1BV (e~ f|[2dt < CI|£]1%, (4.52)

|(H +d)" 'S (t)(H + i)~ Y| < Ot~ (4.53)

for some constant C' > 0 independent of f € Ey(A)H and t € RL.
Similarly by another remark after (4.40) and Lemma 4.2, we have a similar bound for
the second term on the RHS of (4.44):

the 2nd term = (e B (£)* B (£)e ™ £, g) + (7 Sy (t)e H £, g), (4.54)

where Bj(-Q)(t) ( = 1,2) and Sa(t) satisfy

/ T IBD @it fPat < O£, (4.55)
|(H +4)" So(t)(H + i)"Y < Ot~ (4.56)

for some constant C' > 0 independent of f € Ex(A)H and t € RL.
For the third term on the RHS of (4.44), we have

go(B)qSUO(}BQ —-2(E - /\g)‘ < 27y 4 200)
X D} (¢o (| |22 /17 — 2(E — Ag)| < 274 + 400))

= 2 0By | B ~ 2(E — A)| < 2+ 200)

2
< (5= 5 ) ot e — 28 - 2] < 27+ 400

+ S3(t), (4.57)
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where S3(t) satisfies
|(H + i)~ 'S3(t)(H +i)~ | <Ct™2, t>1. (4.58)

On the support of ¢, (||z|>/t? — 2(E — A\¢)| < 27 + 40¢), we have

x|/t > /2(E — X\¢) — 270 — 509 > 0

by (4.17) and (4.19). Thus there is a large T' > 1 such that for ¢ > T" we have |z| > 1
and (x) = |z|, and hence

() () (o )
— o' B—%l)ﬂ&x(t) (4.59)

with [|S4(¢)|| < Ct=2 for t > T. By (3.16), we have

supp ¢, (|s| < 27y 4+ 400) C I U I

with
I = [-27; — 500, =27, — 400], Iz = [274 + 400, 27¢ + 50y), (4.60)

and
¢L (|s| < 270 +409) >0 for s € I, (4.61)
¢l (8| < 270 +409) <0 for s € L. (4.62)

Consider the case |x|?/t? — 2(E — \¢) € I. Then

l2*

2 S [Q(E — /\g) + 279 4 409, 2(E — )\g) + 27 + 50’0]. (463)

By the factor gp(B)(j),,O(’B2 —2(E - )\g)} < 2714 + 20¢), we have
B? € [2(E — X\¢) — 210 — 300, 2(E — \¢) + 274 + 300 (4.64)

and B > /2X > 0. Thus

B- ":—l <0. (4.65)
Therefore by (4.59) and (4.62), (4.57) is positive in this case up to an integrable er-
ror. Similarly we see that (4.57) is positive also in the case |z|?/t? — 2(E — X\;) € I;.
Rearranging the order of the factors in the third term on the RHS of (4.44) with an
integrable error, we see that it has the form

the 3rd term = (e A(t)* A(t)e " £, g) + (" S5(t)e " H f, g) (4.66)
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with
|(H +d)"'Ss(t)(H + i)Y < Ct~2. (4.67)

The fourth term on the RHS of (4.44) has a similar form by virtue of Lemma 4.3.
The fifth term ((h.c.)f, f) is treated similarly to the terms above.
The sixth term on the RHS of (4.44) satisfies

lthe 6th term| < Ct~L=min{ec} | £]llg]. (4.68)

This estimate follows if we note with using (3.25) and some calculus of pseudodifferential
operators as stated after (4.39) that the factor Gy x,(t)*Jp(vs/7¢)Gb 2, (t) restricts the
coordinates in the region: |z4]? > pjp|z|?/2.

Summarizing we have proved that (4.44) is written as

d , . .
%(GZtHGb,)\Z ()* Jo(vs/7¢) Gy 5, (t) e~ f, g)
2
= ("TAW) AW)e M fg) + D (B (0B (e £, ) + (Ss(0) 1. 9),
st (4.69)
where with some constant C' > 0 independent of t > T and f € H
/ 1B (0)e " Eg(A) FI? < CIfIP (G k=1,2) (4.70)
T
|(H + i) "1 Ss(t)(H +4) 7| < ot~ 1-minfeal (4.71)
Integrating (4.69) with respect to t on an interval [T7,Ts] C [T, 00), we obtain
; * —1 T
(€™ Gyx, (1) Tp(vp /)G, (e [, 9)] 2
= [ awe g Awe gt
T1
k : k : =
+ Z / B e 1B (O gyt + [ (Su(0)f.g)dt
Ty (4.72)

Hence using (4.70), (4.71) and the uniform boundedness of Gy »,(t) in ¢t > 1, we have

Ts )
/ JA()e=H g[%dt < Clg]2 (4.73)

T

for some constant C' > 0 independent of To > T} > T and g € E(A)H.
(4.73) and (4.72) with (4.70) and (4.71) then yield that

. 3 T2
(eZtHGb,Ag (t)*Jb(Ub/Te)Gb,Ag (t)e_ZtHﬁ g) t=T,

< ()l A Nlgll (4.74)
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for some §(71) > 0 with 5(T1) — 0 as T, > Ty — oo. This means that the limit

fy = Jim Z MGy, ()" Tp (s /1) Gon, (B)e ™M f (4.75)
=1

exists for any f € EH(A)H and b with 2 < |b] < N if A is an interval sufficiently
small around F € R! —7: diam A < d(F). Then the asymptotic decomposition (4.40)

implies
> R (4.76)

2<|b|<N
for f = (H)f = Ey(A)f. Further by the existence of the limit (4.75) and f =
Eu(A)f, we see that f} satisfies

Eu(A)fy = fy (4.77)
in a way similar to the proof of the intertwining property of wave operators.

Now returning to the first ®(H)f, and noting that supp ® is compact in R! — 7,
we take a finite number of open intervals A;, @ R' — T such that F;, € A,,, diam
Aj, < d(Ej,), and supp @ € Ujﬁonite Aj, € R' — T. Then we can take 1;, € C5°(A;,)
such that ®(H)f = Zﬁmte Y, (H)f. Thus from (4.75)-(4.77), we obtain the existence
of the limit for 2 < |b| < N:

finite L
= lim 0D € Gy o (8) o (0n/re)Gon, (e e, (H) f, (4.78)
Jjo £¢=1
and the relations 3 3 ~
S i Ea(Dfy=1F (4.79)
2<|b| <N
for any set A € R' — 7 with supp ® C A.
Set
YpiNG/2, 65 = /0N, (1 =2,3,---,N, Oy =0). (4.80)

Then by (4.78), some calculus of pseudodifferential operators, and

supp (Jo (0 /10)boo (||2> = 2(E — No)| < 27 +400)) € To(Y ™ ppeys0pey),  (4.81)
which follows from (3. 19)—(3 21), we see that as t — oo

eitH f1 ZZGb A ) Tp(vp/10) G\, (e M By (Ag) f
k=1 =1
~ H F(|zal > opt) F(|2°] < dpt)
afb

K L
X ZZGb xe (8)* To(o/10) Gy 5, (e B (Ay) f
k=

14=1
~ [ Flzal = opt) F(|2°] < dpt)e " f;. (4.82)
afb
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(4.79) and (4.82) imply
Fle s mmorAY (2< b < N). (4.83)
IT) A refinement:

As in (4.18)-(4.19), we take a finite subset {\o}2*, of 7; for a constant 78 > 0 with

78 < 79 such that
Ly

T C | JO =70, X +70), (4.84)
=1
and choose real numbers A\ € R, 72 >0 (¢ =1,---, L) and ¢ > 0 such that

b b b b b 3b b
T, <To, 00 <To, |M—N|<T0,

Ly,

1, C U()‘Z_Té)’)‘g"f—ﬁ))’ (/\2_7_;7/\24—7—5) C (S‘Z_T(l))a:\2+7(l)))a
=1

dist{( Ao — 72, A5 +70), (A8 — 72, AL + 7)) > 40%(> 0) for any £ # k.

(4.85)
We set T, = {\}42, and
~b
7o = min {o5, 7/} (4.86)
Then, we take 11 (\) € C§°(R') such that
b)) = { 1 for any A with |A — X\o| < 7§/2 for some X\, € T,F
P L0 for any A with [\ — A > 7 for all Ay € 7,1 (4.88)
and we divide (4.78) as follows: )
fo = ho + gv, (4.89)
where
finite L
hy = lim Z ZethGb M ()01 (H) Ty (vp/10) G x, ()™ oy (H) £,
Jjo £=1 (4.90)
finite L '
gp = lim DD e Gy (8 (1 — 1) (H")Jo(vs /1) Gz, (e aps, (H) f.
Jo £=1 (491)

The proof of the existence of these limits is similar to that of f! in (4.78), since
the change in the present case is the appearance of the commutator [H,(H?)] =
(I, (H®)] whose treatment is quite the same as that of the commutators including
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Iy in (4.68). We introduce the decomposition (1.21) into h, and ¢, on the left of
e~y (H)f as in (4.3). Then by the factor J,(vy/r¢)Gp 2, (t), we see that only the
terms with d < b in the sum in (4.3) remain asymptotically as t = t,, — oo by the ar-
guments similar to step I). On each summand Py g, P‘d| | in these terms (see (4.5)), H®
asymptotically equals H) = TS + H* = TS + E; ~ |25|2/(2t2) + E; ~ |2%2/(2t2) + E;,
where for d < b, Hg = Tb+Hd Hd—Tb, Td =T,;—T, and z? = (:z;lc’l,:z;d) is a clustered
Jacobi coordinate inside the coordinate x°. Thus we have

L (H®)Jy(00/10)Gox, (8) Pa, f)|d\ et Ty (H) f

~ (2% /(2t5,) + E5) Ty (b /10) G, () Pa P\d| ety (H) f

(4.92)
as m — oo. If ¥y (|2°2/(2t2) + E;) # 0, then for some £ =1,---, L,
|z° ] b ~b
If ¢ is a (unique) ¢(j) such that E; € ()\2(].) — Té’(j), Ay + Té)(j)), we have
|z°] by ozb by zb (4.94)
Zt%n ~ Té(j) To To Ty - .
Thus setting &' = \/2(7¢ + 78), we have
2% < 6"ty (4.95)
If ¢ # £(j), we have by (4.93)
O S )\z E + 7'0,
from which and (4.85)-(4.86) follows
N — B > 40},
Thus from (4.93)
|z°]? b b
572 > 408 — 70 > 308 > 37, (4.96)
Setting o/ = /67, we then have for £ # £(3)
2% > o't . (4.97)

Therefore h, can be decomposed as

- 1+, (4.98)
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where
finite L
= lim D> @G () F(|a] < 81 r (H) Jy(vy/re)Gon, (e abso (H) £,
jo £=1 (499)
finite L
9 = Jim DO G, (1) F(l2®| = o't)gr (H?) Jy (0 /r0) G, (t)eitH%O((ZI)l](;,O)
Jo £=1 .

The existence of the limit (4.99) is proved similarly to that of (4.90) by rewriting the
factor F(|z°| < §t) as a smooth one and absorbing it into J,(vy/7¢) Gy », (t) with chang-
ing the constants in it suitably. The existence of (4.100) then follows from this, (4.78)
and (4.98).

For g3, similarly to ggll we obtain

finite L
= Jim 3 S Gy (1) F([a] > 0'1) (Tt ) (H) Ty /re) G, (6™ 145, (D) .
jo £¢=1
(4.101)
Setting
95 =9 + o
finite L
= lim Y > ™Gy, (6) F(|2%] > o't) Jy(vs/re)Go, (e~ ey, (H)
Jo =1 (4.102)
we obtain a decomposition of f:
fi=8 +9, (4.103)
where flf/ and gy " satisfy
e Y~ T Fllwal > oppt) F(2®] < 8't)e £, (4.104)
afb
e g7 ~ T Fllwal = opt)F(|2°] < djpt) F(|2*] > o't)e g7 .
b (4.105)
We can prove the existence of the limits
fy =lim fb , gy =lim gb (4.106)

810 o’ 10

in the same way as in Enss [E3, Lemma 4.8], because we can take v in (4.87)-(4.88)
monotonically decreasing when 7¢ | 0 and the factors F(|z°| < §'t) and F(|z°| > o't)
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can be treated similarly to 1; by regarding z°/t as a single variable. Further we have
as in (4.77)

which, (4.104) and (4.106) imply
fo €S;. (4.108)

Thus we have a decomposition:
fo=1fr+ o, fi €5 (4.109)

gg/ can be decomposed further by using the partition of unity of the ring o’ < |2°|/t <
d)p| with regarding x% as a total variable x in Proposition 3.2. Arguing similarly to steps

I) and II), we can prove that gi can be decomposed as a sum of the elements f] of S}
with d < b. Combining this with (4.76), (4.108) and (4.109), we obtain (4.1). O

We remark that Theorem 4.1 implies the asymptotic completeness when the long-
range part VI vanishes for all pairs «, because in this case we see straightforwardly
that S} = R(W), where W, are the short-range wave operators defined by

W =s- lim e itHop, (4.110)

t—+oo

For the case when long-range part does not vanish, we have the following
Theorem 4.2. Let Assumptions 1.1 and 1.2 be satisfied. Then

i) For2(2+¢) 1 <r<1
Sy = Si. (4.111)

i) If € > 2(2 4+ €)1, i.e. when € > /3 — 1, we have for all v with 0 <r <1
Sy =S (4.112)
iii) If € > 1/2 and V.F(x,) > 0 for all pairs o, then we have for all v with 0 <r <1

Sy =S;. (4.113)

Proof. i) and ii) follow from Proposition 5.8 of [D] and Proposition 2.3 above. (4.112)
for r = 0 follows from the proof of Proposition 5.8 of [D]. iii) follows from Theorem 1.1
and Proposition 4.3 of [K2] and (4.116) below: Note that R(Q}f) in Theorem 1.1-(1.31)
of [K2] constitutes a dense subset of S}, when ¢ varies in C§°(R' — 7). O

From Theorem 4.2-ii), iii) and Theorem 4.1 follows
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Theorem 4.3. Let Assumptions 1.1 and 1.2 be satisfied with ¢ > 2(2 + €)1 or with
€>1/2 and VE(z4) > 0 for all pairs . Then we have for all r with 0 <r <1

B s;=H(H). (4.114)
2<[b|<N
In the next section, we will construct modified wave operators:

Wi =5 lim e Je " p, (4.115)

t—+oo

with Jp being an extension of J of [IK] to the N-body case. We will then prove
R(WE) = 5P, (4.116)
which and Theorems 4.2 and 4.3 imply

Theorem 4.4. Let Assumptions 1.1 and 1.2 be satisfied with € > 2(2 + €)' or with
€>1/2 and VE(z) > 0 for all pairs o. Then we have for all r with 0 <r <1
R(W;E) = St (4.117)
and
P RW) =H(H). (4.118)
2<bl<N
One might expect that (4.114) and (4.118) are always true, but it is denied:

Theorem 4.5. Let Assumptions 1.1 and 1.2 be satisfied and let N > 3. Then the
followings hold:

i) Let 2 < |b| < N and let Ey(r) be the orthogonal projection onto Sy (0 <r <1). Then
Ey(r1) < Ep(ra) for 0 < r; <ry <1, and the discontinuous points of Ey(r) with respect
to r € [0,1] in the strong operator topology are at most countable.

i1) Let 0 < € < 1/2 in Assumption 1.1. Then there are long-range pair potentials Vo (z4)
such that for some cluster decomposition b with 2 < |b| < N, Ey(r) is discontinuous at

r = rg, where € < ro:= (e +1)/3 < 1/2. In particular, there are real numbers r1 and
ro with 0 < r; <rg <rg <1 such that
Syt S Sy (4.119)

Proof. i) By Proposition 2.3, S; (0 < r < 1) is a family of closed subspaces of a sepa-
rable Hilbert space H that increases when r € [0, 1] increases. Thus the corresponding
orthogonal projection Ey(r) (0 < r < 1) onto S] increases as r increases, and hence
has at most a countable number of discontinuous points with respect to r € [0, 1] in the
strong operator topology.

ii) holds by Theorem 4.3 of [Y], Theorem 4.1 and Proposition 2.3, for b, [b| = N — 1,
with a suitable choice of pair potentials that satisfy Assumption 1.1. In fact, the sum
of the ranges R(W,,) of Yafaev’s wave operators W,, (n = 1,2,---) in Theorem 4.3
of [Y] constitutes a subspace of (Ey(rg + 0) — Ep(ro — 0))H for b with [o) = N — 1
by his construction of W,,, which means that Ejp(r) is discontinuous at r = ry. Here
Eb(To + 0) = S- ]'imTHTo:I:O Eb(T). O
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5. A Characterization of the Ranges of Wave Operators

The purpose in this section is to prove relation (4.116) for general long-range pair
potentials V, (z4) under Assumptions 1.1 and 1.2. The inclusion

R(WE) c SP (5.1)

is a trivial relation for any form of definition of the wave operators Wbi. Thus our main
concern is to prove the reverse inclusion
Sp C R(WE). (5.2)
The proof of this inclusion is essentially the same for any definition of wave operators
and is not difficult in the light of Enss method [E1]. As announced, we here consider
the wave operators of the form
T/VbjE =s- tl}inoo et J ety p, (5.3)
where Jj, is an extension of the identification operator or stationary modifier introduced
in [IK] for two-body long-range case. The first task in this section is to construct J,. Our
relation (5.2) then follows from the definition of the scattering spaces Sp and properties
of J, by Enss method.
To make the descriptions simple we hereafter consider the case V.Y = 0 for all pairs
a. The recovery of the short-range potentials in the following arguments is easy.
Let a C* function yo(z) of z € RY satisfy

L (|2l = 2)
= 5.4
X0l { 0 (o <1). o)
To define J;, we introduce time-dependent potentials Iy, (xp,t) for p € (0,1):
ky
Lyp (o, t) = Ip(0,0) T T xo(pzor)x0({log{t)) 2o/ {1))- (5.5)
k=1
Then Iy, (zp,t) satisfies
102, Top (o, )] < Cp™ (1)~ (5.6)

for any ¢ > 0 and 0 < ¢y < € with g + ¢ < |B| + ¢, where C3 > 0 is a constant
independent of ¢, x; and p.

Then we can apply almost the same arguments as in section 2 of [IK] to get a solution
©p(p, &) of the eikonal equation:

1 1
§|Vmb80b(l‘b, &) + Iy(xp,0) = §|fb|2 (5.7)

in some conic region in phase space. More exactly we have the following theorems. Let

2k * Cok
cos(Zpk, = 0% R
2ok, Gor) | 2ok | e| Coke|e
where |zpele = (2ok - 2px)'/? is the Euclidean norm. We then set for Ry, d > 0 and
6 (0,1)
't (Ro,d,0) = {(zb,&) | |266] > Ro, |Cor] > d, £ cos(zpr, o) >0 (K =1,--- ,kp)},

where (pr is the variable conjugate to zpg.



SCATTERING SPACES 31

Theorem 5.1. Let Assumption 1.1 be satisfied with V. = 0 for all pairs a. Then
there exists a C*° function gbzt(acb,fb) that satisfies the following properties: For any
0 < 0,d <1, there exists a constant Ry > 1 such that for any (xp,&,) € T+ (R, d, 0)

Ve (2, @) + o, 0) = 6o 63

and

Cop (maxi<p<w, (zok)) a=0

102,92 (6 (4, &) — 71+ &)] < { (5.9)

Cap (miny <, (z00)) ™1 @ #£0,

where Co3 > 0 is a constant independent of (xp, &) € '+ (Ro, d, 0).

From this we can derive the following theorem in quite the same way as that for
Theorem 2.5 of [IK]. Let 0 < 6 < 1 and let ¢4 (1) € C*°([—1, 1]) satisfy

0S¢i(7)§1,
(1) = 1 ford <7 <1,
700 for —1<7<0)2,

0 for —0/2<71<1,
1 for —1<7<—46.

We set
ky
X (w5, &) = [ ] v (cos(zek, Gor))
k=1

and define vy (25, &p) = ©b.0.d, R, (b, &) Dy

ob(6, &) ={ (0 (b, &) — b - &)X+ (0, &) + (D (20, &) — o - &)X — (@6, &)}

ky

x T x0(2Cer/d)xo(226r/ Ro) + 1 - &
k=1

for d, R() > (0. Note that ¥b,0,d,Ro (Ib, fb) = SOb,O,d’,Rg (:L‘b,fb) when |Zb]€| Z maX(Ro, RE)),
|Cor| > max(d, d") for all k. We then have

Theorem 5.2. Let Assumption 1.1 be satisfied with V. = 0 for all pairs «. Let
0<6<1andd>0. Then there exists a constant Ry > 1 such that the C*° function
©p(Tp, &) defined above satisfies the following properties.

i) For (xp,&) € T4 (Ro,d,0) UT_(Ro,d,0), ¢ is a solution of

1 1
§|Vmb80b(90b, &) + Iy(xp,0) = §|fb|2~ (5.10)



32 HITOSHI KITADA

it) For any (xzp,&p) € R (P1=1) and multi-indices o, 3, @y satisfies

Cap (max(zp))' ¢, a=0
0% 9L (p(wp, &) — @ - &)| < 5.11
1929, (#0( ) Cop (min(zpp)) 711, a £ 0. (5:11)
In particular, if o # 0,
102,02 (£1(x6, &) = T - §)] < CagRy® (min(z)) ' =1 (5.12)
for any €y, €1 > 0 with €y + €1 = €. Further
op(Tp, &) = xp - & when |zpx| < Ro/2 or |G| < d/2 for some k. (5.13)
iii) Let
. 1 .
ap(xp, &) = e~ "or (o) (Tb + Ip(zp,0) — §|§b|2> eler(mn o), (5.14)
Then
1 , 1,
ap(zy, &) = §|Vmb90b(90b,€b)| + Ip(zp,0) — §|§b| + i(Toipn) (w1, Ep) (5.15)
and

Cop (min(zpr)) 771 (25, &) € T (Ro,d,8) UT_ (R, d, 0)

102 ¢ ap (s, &)| <
b Cop (min(zpr)) "1, otherwise.

(5.16)
We now define Jb = Jb,e,d,Ro by

Jof(xp) = (gﬁ)—V(lb—l)/ / ei(cpb(xb,éb)—yb-ﬁb)f(yb)dybdfb (5.17)
Rv(lbl=1) J Rv(lbl—-1)

for f € Hy = L2(R*IPI=1) as an oscillatory integral (see e.g. [KK]). Wave operators
VVbjE are now defined by

WE =g lim et e tHep, (5.18)

t—+oo

We note that this definition depends on 6, d, Ry, but applying stationary phase method
to e~itTo in e~itHo = ¢=itTo @ ¢~tH" op the RHS we see that the dependence disap-
pears in the limit ¢ — £oo by the remark made just before Theorem 5.2. Further the
asymptotic behavior seen by the stationary phase method tells that the inclusion (5.1)
holds:

R(WE) C SP, (5.19)
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if the limits (5.18) exist. The existence of (5.18) follows from Theorem 5.2-iii), the
asymptotic behavior of e=#7t and Assumptions 1.1-1.2 by noting the relations

(H.Jy — JoHy)e o P, f(x) = (Ty + Ip(zp, 2°))Jy — JyTp)e *Ho Py f (),
((Tb + [b(l'b, 0))Jb — JbTb)g(CL'b)

= (QW)V(MU/ / Gi(t‘pb(mb’gb)iyb{b)ab(ﬂﬁb,fb)g(yb)dybdfb
Rv(bl—=1) J Rr(|b]—1)

(5.20)
and the fact that s-limp o, PM = P,. Thus to prove the reverse inclusion (5.2)
Sy C R(W), (5.21)
it suffices to prove that
fe Sy oRrRW) (5.22)
implies
f=0. (5.23)

To see this we consider the case t — +o00 and the quantity
(I . eisHJbe—iSHbjl;l)e—itHf — (Jb . eiSHJbe—iSHb)Jl;le—itHf (524)

for f € SP(A), A @R'— T, and t,s > 0 and use Enss method. Here the existence of
J; ! follows from Theorem 3.3 of [K4] by taking Ro > 0 in (5.12) large enough (with a
slight adaptation to the present case for phases and symbols satisfying the estimates in
Theorem 5.2). (5.24) equals

—i / e (H Ty — JyHy)e ™ J du e f, (5.25)
0

By Definition 2.1-i)-(2.4) of SP(A), we approximate f by h € SP?(A) for some small
o > 0 with an arbitrarily small error § > 0 so that ||f — h|| < 6. Then we have for any
sufficiently large R > 0

limsup |le= " h — [[ F(lzal > ot)F(|2"] < R)e™"h|| <. (5.26)
t—o00 adb
Proposition 2.2-iii) and h € SP°(A) yield that for some sequence t,, — oo (as m — 00)
(o (s /tm) = @(vs))e™ R =0 as m — oo

for any ¢ € C3°(R¥(PI=1)). Replacing ¢ and f in (5.25) by t,, and h, we can therefore
insert or remove the factor

ky
& = [ [ QuF(Ipsl > o) E(Ips| < S)F |20kl /t > ') F(|2°] < R) (5.27)
k=1
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1.9
iazbk’

o’ > 0 is a small number with o’ < o, F(|ps| < S) comes from Ey(A) in h = Eg(A)h,
and F (7 < S) is a smooth characteristic function of the set {r € R!| 7 < S} with a
slope independent of S, and )y is a pseudodifferential operator

Qrg(zp) = (QW)_V(|b_1)/ / e 8= g (2, G ) g () dypd€y  (5.28)
Rr(v1-1) J Rrbi-1)

to or from the left of e=®= b in (5.25) anytime with an error § > 0. Here pyi, =

with symbol qx(zpk, Cpr) satisfying

107,02, 4k (zore; Gore) | < Ciay () =11 (Goe) 711, (5.29)
ak 2ok, Gor) = 0 for  cos(zpk, Gor) < 6 or |2zpk| < Ro.

The order of products in (5.25) of factors in (5.27) and J; ! may be arbitrary because
these factors are mutually commutative asymptotically as ¢ — oo by virtue of (5.26).
We note that d > 0 in the definition of J, = Jp ¢,4,r, can be taken smaller than ¢’ > 0
beforehand since T/VbJr is independent of d > 0 as mentioned. Thus we can assume the
following in addition to (5.29):

(2o, Gor) =0 for  [Gpx| < d. (5.30)

We now insert the decomposition (1.21) to the left of e=“mHp in (5.25) with noting
(I — PM")f = f by f € He(H). Then by ||(I — PMi")h — h|| < 26 and by inserting the
factor (5.27) to the left of e~*mH ] after the insertion of (1.21), we have

limsup ||(1 — P " )@e~itnH p|| < 36. (5.31)
By the factor F(jz*| < R) in (5.27) and Eg(A) in h = Ex(A)h, P, " in (5.31)
converges to P, as m — oo in operator norm in the expression (5.31). It thus suffices
to consider the quantity

S ) ) M'mo )
/ e H ((Ty + Ty(xp, 2°)) Ty — JyTp)e ™ He - du P, " @emilp (5.32)
0
MO MO
for some large but fixed mo with an error § > 0. Since P, " = ij‘l' Pyg;, (0 <

M ‘ZTO < 00) with P, g, being one dimensional eigenprojection of H b corresponding to

eigenvalue E;, (5.32) is reduced to considering
/ e, ei“H((Tb + Iy(xp, xb))Jb — JoTy) Py, E, e~ tuTs Jl;lédu e HmHp (5.33)
0

By Assumptions 1.1-1.2, the factor P, g, bounds the variable 2 and yields a short-

range error of order O((min(zy))~ ) on the left of e=Tt when we replace I (2, 27)
by I(xp,0), and we have that (5.33) equals

/ S e Py g, 0((a")) (Th + Iy(x3,0))Jy — JyTp+O((min(z)) )

x e~ - ody e~ H
(5.34)
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where O((z?)) is an operator such that (z*)~1O((x")) is bounded. Using (5.20) and the
estimate (5.16) in Theorem 5.2-iii) and applying the propagation estimates in Lemma
3.3-ii) of [IK] (again with a slight adaptation to the present case), we now get the
estimate:

((Ty+I (p, 0)) Jy— Ty Ty+O((min(zp)) ~ ))e ™™o ;7 @ (min(z))? || < Clu) =2
for some constant C' > 0 independent of u > 0. On the other hand (5.26) yields t(}imi’5)
| (min{zus)) =/ e~ 1|
is asymptotically less than 26 as m — oo. This and (5.35) prove that the norm of (5.32)

is asymptotically less than a constant times § as m — oo.
Returning to (5.24) we have proved that

limsupsup [[(1 — e Jye ™o g t)e T £
m—oo s>0
~s limsupsup || (1 — eH Jye " j-1yp," "

m—oo $>0

e~ HmH | < O, (5.36)

where a ~s b means that |a — b| < C9 for some constant C' > 0. Since wave operator
Wb = s-lims_, o0 € Jye =150 Py exists, (5.36) yields
: + -1\ pM|
limsup ||({ — W, J, )P,

m—00

e~ HmH £ < . (5.37)

Mm
By the arguments above deriving (5.31) we can remove P, I and get

limsup ||(I — Wt J, e nH f|| < C6. (5.38)

m—00

Since we assumed (5.22), f is orthogonal to R(W,"). Thus taking the inner product of
the vector inside the norm in (5.38) with e~ = f we have

1A= lim [(e=*mH fe™ " )| = lim [(e”*mH f, (I-W,\ I e " f)| < Co| f].
As § > 0 is arbitrary, this gives f = 0, proving (5.23). The proof of (4.116) is complete.
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